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Abstract 
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1 Introduction 



In recent years, a lot of interest has been devoted to the study of various quantum 
deformations of bosonic oscillators. From the mathematical point of view, this popular- 
ity is due to their connection with the non-commutative geometry, special functions of 
multiparameter analysis [1] and other fields of mathematics. From the other side, there 
are some hopes that the deformed oscillator can be more suitable for physical studies 
of nonlinear phenomena than the usual bosonic oscillator of the standard quantum me- 
chanics. Such hopes are supported by several applications in conformal field theory [2], 
in nuclear spectroscopy [SlSj, in nonlinear quantum optics, in condensed matter physics 
[3], and in the description of systems with non-standard statistics and energy spectrum 

Deformations of the oscillator arose from the successive generalizations of the Arik-Coon 
[7] and Biedenharm-Macfarlane [51 E] g— oscillators. As in the classical case, the prob- 
lem of realization of g— deformed algebras by the one-parameter deformed creation and 
annihilation operators is important for the representation theory of quantum groups. 
Various attempts have been made to introduce new parameters in the rich and varied 
choices of deformed commutation relations. For instance, the study of two-parameter 
quantum groups, mainly based on the famous {p,q)— deformation, and their represen- 
tations has started in the works \10\ [TT] . It is worth noticing that the increase of the 
number of deformation parameters makes the method of the deformations more flexible. 

In this work, we consider the generalized (p, g; a, /3, i^; 7)— deformed oscillator algebra 
as a generalization of the (g; a, /3, z^; 7)— deformed oscillator algebra recently defined in 
[I2J . investigate in detail its representations which are suitably classified, and scrutinize 
the properties of the corresponding deformed harmonic oscillator. 

The paper is organized as follows. In section 2, we recall some multiparameter deforma- 
tions which appear in the literature and define our algebra. In section 3, we study some 
relevant properties of this algebra. In section 4, we give a classification of the represen- 
tations of this algebra. We discuss properties of discrete spectrum of the Hamiltonian 
of the deformed harmonic oscillator corresponding to this system and end with some 
concluding remarks in section 5. 

2 Multiparameter deformations of the Heisenberg-Weyl algebra: overview 
and new (p, g; a, z/; 7)— deformed oscillator algebra 

The nondeformed oscillator algebra of the quantum harmonic oscillator is defined by 
the canonical commutation relations 

[a, at] = /, [N, a] = -a, [N, = al (2.1) 
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The common used deformation of this Heisenberg-Weyl algebra is defined as the algebra 
generated by the set of operators {/, a, a^, iV} and the relations [13] 

[N,a] = -a, [iV,at] = a^ a^a = f{N), aa^ = f{N + l) (2.2) 

where the structure function of the deformation, /, is positive and analytic. 

The structure function /(x) characterizes the deformation scheme. In our context, 
let us briefly recall some multiparameter deformations known in the literature. Other 
multiparameter generalizations of one-parameter deformations were enumerated in [12] . 



(i) The (p, g)-generalization of the algebra introduced by Chakrabarty and Jagan- 
nathan in [Ij]. It is generated by the operators /, a, and as follows: 

aa^ — qa^a = , aa^ — p^^a^a = 
[N, a] = -a, [N, a^] = 

-n _ n 

fin) = (2.3) 
p ^ — q 

(a) The (p, g)— generalization of the Quesne's deformed bosonic algebra defined as 

m- 

p~^^aa^ — a^a = q^^^^, qaa^ — a^a = p^^^ 

-,ti _.t 



[iV, a] = -a, [N, = a 

—n 



fin) = El^. (2.4) 
q — p 



{in) The (p, q; a, /?, /)— deformed oscillator algebra, given by the generators /, a, , N 
and the commutation relations [16] 



aa) - q^a)a = p~^^-P , aa^ - p-^a)a = 

[iV, a] = -la, [N, a)] = la) 



fin) = ^ zr4 (2-5) 



with a,P,l e R. 



In this work, we define the (p, q; a, f3, v; 7)— deformed oscillator algebra as: 

aa^ - p^a^a = (1 + 277^)^°^+^, [iV, a] = -a, [iV, a^] = a^ 
Ka = -aK, Ka'^ = -a^K, [N,K] = 0, = N, = K (2.6) 

where p,q G M+, a, /3, 2^,7 G M. Particular algebras are readily recovered. For instance, 
in the limit p ^ q, one finds the (g; q, /3, i^; 7)— deformed oscillator algebra introduced 
by Durban [12] . Furthermore, the algebra ()2.6p is also a generalization of the above 
mentioned ip,q)— algebras. 
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3 Unified (p, g; a, /3, z/; 7)— deformed oscillator algebra: structure func- 
tion and pertinent properties 

The generalized (p, q; a, /3, v; 7)— deformed oscillator and its deformed Heisenberg-Weyl 
algebra are defined by the positive structure function /, satisfying /(O) = 0. The Fock 
realization of this algebra covers with the form 

a|n) = vTRlra- 1), «V> = \//(n+l)|n+l) 

N\n) = n\n), K\n) = (-l)"|n) (3.1) 

with n e N. 



Proposition 3.1 

The structure function of the [p^ q; a, (3, v;^) — deformed oscillator algebra \2. 0jl is given 
by 

fin)={ A (3.2) 



(n + 27i^tir^ X if p'^ = q^. 



Proof. By applying the basis |n) on the relation aa^ — p'^a^a = (1 + 2jK)q'^^~^^ , we 
obtain the recurrence relation 

fin + 1) - p-'fin) = (1 + 27(-l)")g"-+/^ (3.3) 

whose solution is 

n— 1 n— 1 

/(n) = ^p(n-k-i)u^ak+^ ^ 27^(-l)V""'=^i)^g"^+^. (3.4) 

A;=0 fc=0 

Indeed, for n = 1, /(I) = + 27(— l)''g"^'^"*"''. Now, we suppose that the function 

f{k) is given by (13. 4p for k < n. Then we have 

/(n+1) = pV(n) + (l + 27(-l)")(7""+'5 

(n-l n-1 \ 

^pC^-fc-yi^gafc+Z? + 27^(-l)V""''~"^^''9°''^'^ ) 
fc=0 fc=0 / 

+ (l + 27(-l)'^)g°"+^ 

fc=0 fc=0 

which proves the claim. 
Hence, if p'^ / 

/(n) = p(-i)vfl-(''-"''°>%2.1-(-l)"(^-"-'°)' 



3 



and 

/n—l n—l \ 



/(n) = ^l'= + 27j;(-l)M xg("-i) 

\fc=0 k=0 / 



if p" = q». □ 

Let us study the positivity of the (p, g; a, /?, i^; 7)— deformed structure function /(n). 
The inequahty f{n) > can be rewritten as 

ip""" -qn{ + 27^7^ I > (3.5) 

ip'^ — q"' p + q ) 



if n is even, and 

puv _j_ qno. pU qa 

if n is odd. 

Let us define the sequence 



+ 27 > (3.6) 



^ I ^«.^) p..+gn. , if n> 1 

" I 1, if n = 1 ^ ' ' 



where «(«,!/) = ^f^- 
If 



fix) = u{a,u)- ^ — 

•> ^ ' \ 1 / _j_ qxa 

we have 

d/(2;) ^ (i^ Inp — Q In (7) 2(p'^ + g' 



X 



dx ' ' ' p" -q"" {p^"" + g^°)2 ■ 

Since (i/lnp — alnq)(p'^ — q") > 0, we deduce that (Mn)n>i is an increasing sequence. 
We have m„ > 1 for all n G N \ {0}. To have u„ + 27 > 0, Vn G N \ {0}, it is sufficient 
that 1 + 27 > 0. 

The relation ()3.5p is equivalent to —27 < ^^^^^ if i^lnp > alng and 27 < —^p^^ if 
z^lnp < alng. 

Therefore we obtain: 

Proposition 3.2 The structure function f{n) is positive for 

- 27 < 1 if z^lnp>alnq' (3.8) 

and 

-l<2j<-- — if z^lnj9<aln5. (3.9) 

pi^ — 
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Proposition 3.3 From the relation aa^ —p'^a^a = {l + 2jK)q°'^~^^ , we get the formula 
a(at)"-p"'^(at)"a= [n;a,/3,i^;7K](a^)"-ig°^+^, Vn € N \ {0} (3.10) 

where 

P zil l9-,/;('^( -{-'-) P if p'^ ^ q°' 



[n;a,f3,i/;-yK] 



nq 



a{n—l) 



+ 2'yKq' 



/ i-(-i) 



if p'^ = q'^ 



Proof. 

Let us prove (|3.1U|) by recurrence. It is obviously true for n = 1. For n = 2, we have 



a(at)2 



{p^a^a + (1 + 2-fK)q 



p'^^a^fa + p-'a^il + 2jK)q"^+'^ + (1 + 2jK)q"^+^a 



{a^fa + p-'il - 2jK)aU"^^'^ + (1 + 2jK)aU" 



{N+1)+I3 



SO that 



aia^f - p'^'^ia^fa = {p" + q^ + 2^K{q'' - p"")} a^g"^+^ 



This latter relation can be put in the form 

a(at)2-/^(at)^a=|C^ + 27i^- 
if f 7^ and 



,2a 



a 



if p" = g". 



{a^f -p^''{a^fa=\2q'' +2-iKq 



«(2-l) 



-If 



We claim that the relation (j3.10p is true for k < n. Then, we have 

= {p"^(at)"a + [n; a, (3, u; jK] (at)"-ig"^+^| 
= p"''(at)"|pVa + (l + 27i^)g"^+^} 
+ [n;a,/3,i^;^K] (a^)^q'^(^+^)+P 

+q^ [n;a,f3,u;jK] (at)V^+/^. 



So, 



+27K 



(-!)>" 



,1^ _L nCl 



pu _^ 



(a^rq 



aN+l3 



(3.11) 



(3.12) 
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= [n + l;a,/3,z.;7i^](at)"(?"^+/^ (3.13) 

if 7^ q"' and 

= + 2{-ir^K) + [n; a, /3, u; jK]} {a^rq^^+'' 



2 

= [n + l;a,/3,i/;7/^](at)V'^+/' (3-14) 
if p'^ = q°', which proves the claim. □ 

We readily obtain the generated function for [n; a, f3, u; 'jK] : 



4 Irreducible representations of the unified (p, g; a, /3, z^; 7)— deformed 
oscillator: characterization and classification 

Here we give, following the work by Rideau pJJ, the classification of the irreducible 
representations of the (p, g; a, /3, v; 7)— deformed oscillator algebra. 

This algebra possesses the following Casimir operators 

Ci = K"^, C2 = Ke'^^, C3 = e^^^^. (4.1) 

Let w be an eigenvalue of C2 corresponding to a given representation. Then, K = 
we~™^ . Let ipQ be a common eigenvector of N and K: 

Nijo = z^oV'o (4.2) 
KiPo = 7e-'"""V'o. (4.3) 
Due to the commutativity of a^a and aa^ with and K, we may assume that: 

aa^ipo = Xoipo (4.4) 
a^aipo = fiQipo (4.5) 

and (V'O)^o) = 1- One can check that the vectors defined by 



(at)"'(/'o, ifn>0 
o~"Vo) if n < 



(4.6) 



are eigenvectors of a^a and aa^ : 

a)a4)n = \n(t>n (4.7) 
aaVn = P-n4>n- (4.8) 
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Now, let us define the following vectors: 



for n > 



, _^ ^a~"-0o, for n < 



(4.9) 



which are orthogonal states. The actions of basic operators on them are given by 



27 



(4.10) 
(4.11) 
(4.12) 

(4.13) 



where B = 2-fwe-^'""> G 



The additional condition that we have to take into account is that A„ and fJ-n-i, being 
eigenvalues of nonnegative operators a^a and aa\ respectively, should be nonnegative. 

Applying the relation aa^ — p^a)a = (1 + 2^K)q'^^~^^ on the vectors ipn yields A„+i = 
p'^Xn + g'"'^o+^(l + (— l)"i?)(7"" and one can prove by recurrence that 

>p"'^-(-l)"g" 



An 



+ Bi 



n + B 

{A) li p'^ = g", the condition A^ > is equivalent to 



i-(-i)" 
2 



if p" / g° 
if = 



(4.14) 



Ao > -q 



n + B 



1 



-1)" 



Since 



lim —q 

n— >— 00 



n + B 



l-(-l)- 



+00, 



(4.15) 



(4.16) 



there exists an integer ng for which A„ < for n < no. Since a^a > 0, we have 

aipn = for n < hq. (4-17) 

After possible renumbering, we may assume 

aipo = 0, Ao = 0. (4.18) 

Therefore, the representation is spanned by the vectors ipn, n > and the eigen- 
values An are given by 



(4.19) 



The arbitrary values of the parameters fo and B >0 correspond to non-equivalent 
representations of (|4.1U|) - (|4.13|) . 
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(B) li p'^ 7^ Q'") can be rewritten as 



1 B 

+ 



1 B(-l)'^ 



piy _qa pv qa 



(4.20) 



so that its positivity is equivalent to 



^ -(a^0+/3) + 1 + > (p-^g") 

^ ^ ^jy I ^rv — ^ / 



+ 



piy _qa pv J^qa ^pV _ qa pU qa 

and 



^ ^.r\ ^ij I ^n- — ^ J 



pv _ qOL pv j^qOL - _ qa pu qa 

{B)i Assume that vlap > ahiq. Then, at least one of p^^ga ± pi^+qa is positive. 
Therefore, there exists an integer no such that for n odd/ or even An < for 
n < no, which implies aipn = for some n < uq. After possible renumbering, we 
may assume 

aipo = 0, Ao = 0. (4.21) 
Therefore, the representations are given by 

"^^J^ + b "" )• (4-22) 

pV — qa pU qa J 

Let us now study the positivity of An- 
If n is even, 

An = g°'^o+^(p"- - qn + ^7^) (4.23) 

— q + q^ J 



and An is positive when B > —^p^^- 
If n is odd. An is positive if and only if 

p""^ - g"" p" + g° 

pTLiy _j_ qna pU qa 

which is satisfied when B > —1. 



+ B>0 (4.24) 



±N 11 ^ X Dilute 

For B = —1, Ai = 0. Therefore, we obtain 



We conclude that An is positive for all n G N if i? > —1 since — < — 1. 



a = a^ = 0; N = uo; K = - — . (4.25) 

27 

This representation is one-dimensional. For B > —1, the representation is spanned 
by the vectors Vn, n > 0. It is defined by and ^^CF^ with n > 0. 
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{B)2 Assume that ulnp < alng and one of the values piy^^a ± pi^+qc is positive. In 
this case, there exists an integer no such that for n > uq, Xn is negative for even 
or odd no- This imphes a^ipn = for some n > uq. After possible renumbering, 
we get a^-i/^o = 0. From the relation aa^V'o = A'oV'O! we obtain /xq = 0. Hence, 
Ao = -p-''q°"'"-^'^{l + B). 

The condition Aq > is equivalent to B < —1. It leads to 



ni' „na 



I /vi'^f /7 



+B- ^ '—^ } (4.26) 

for n £ Z_. 

Let us now discuss the positivity of A^. 
If n is odd, (|4.26|) can be rewritten as 

A„ = <;-o+/3^n«(i _ - (4.27) 

which is positive when B < pv^^a ■ 

Now, we suppose that B < ^it^^. When n is even, we have 

B 



qauo+p I qf^pin-i)^ 



pu _qa pu _^ qa 



which is always positive since B < 



+ ^ ]} (4.28) 

ypiy _ qa pu _^ qa I ( ^ > 



We deduce that A^ is positive for all n G Z_ if i? < . 



For B < plt^l , the representation is given by (|4.10p - (|4.13p and (|4.26p for n < 0. 

For B = pi^^gc , we have A„ = if n is odd and A„ = ^'^ ga°_^pJ"'"^ if is even. The 
representation is two-dimensional: 



iVVo = z^oV'o; iVV-i = (z^o - l)V'-i 

(5)3 Assume z^lnp < alng and both values pu^^a ± pi^+qc are non positive. Let us 
consider the following cases: 

(a) : Xq-i-'^o+P) + _1_ + _B_ > q 

We have A„ > 0, for all n G Z and the representation is given by ()4.10p - ()4.13p 
and ([i:^ with n G Z. 
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(b) ■ Ao"("'""+^) H \ — = 



In this case the condition A„ > for all n G Z is equivalent to \B\ < — ^„_^a ■ 
If < — |i7^^, the representation is given by (I4.10[) - (j4.13p . where 

for all n £ 7j. 

If B = —^73^) = when n is even. Therefore, the representation is given 



by: 



iVVo = z^oV-o; ^^V'l = (1^0 + 

If = , A„ = when n is odd and A„ = ^ ga_pi^ — when n is even. 
Therefore, the representation is two-dimensional and is given by ()4.29p . 
(c) ■ \a-(°"'o+l^) J 1 \ B_ ^ Q 

There exists no such that A„ < for n < no, n even and odd. Therefore, the 
representation is given by ()4.10p - (j4.13p and (j4.22p with n G N. To provide 
An ^ for all n > we have to restrict B in the interval 

-KB < _ P'' + l" _ (4.32) 
For B = —1, the representation is given by ()4.25p . 



5 (p, q'; a, /3, z/; 7)— deformed oscillator: Hamiltonian definition and en- 
ergy spectrum computation 

The Hamiltonian of the (p, g; a, /3, i^; 7)— deformed oscillator, defined in an analogous 
way as that of the usual harmonic oscillator as: 

■H = ^{aa'^ + a^a), (5.1) 
can be rewritten in terms of the number operator N as: 

n = ^(/(iv) + /(iv + i)) 

~ { p^-q"" "^^^ p" + q'^ 

„uiN+l) _ „a(Af+l) _ ( _-\\N+l„a{N+l) ) 

+ + 27^^ ^ } . (5.2) 
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In the basis {|n)}, it has the diagonal form 



H|n) = e„|n). 
The energy spectrum, is given by 



hw sip'"''- g"" „ p""" - (-1)"^"" 

——q^ < h 27 

2 \ - p" + q°' 



„i/(Ti+l) _ „a(n+l) „i^(n+l) _ ('_2y"+l(i"{"+l) | 
+ h 2j- ^ } . 

As a matter of spectra interpretation, let us introduce a new parametrization: 

p = exp(r); g = exp(p); Ti' = k + fj,; pa = k — ji. 
We readily obtain 

e = + 1)) ^ ^_fc sinh(^n) 

"2 \ sinh(|u) sinh(//) 

I 2-. ^ ~ sinh(/x(n + 1)) ^ cosh(/xn) \ 

2 \ cosh(^) cosh(^) / 

^2 l + / cosh(/x(n + l)) ^ ^_fc Sinh(A^n) \ 

2 \ cosh(/Lt) cosh(/x) y 



or 



2 sinh(/x) 2 sinh(/x) 

1 _ (—1)" 1 + ^'^^'^ e('^+'*)" 1 — e^~*^ e^f'-iJ') 



+27 



cosh(/x) 2 cosh(//) 



2 V ^ cosh(/x) 2 cosh(/x) y j 

It is convenient to separately consider the eigenvalue e„ of H for n even and odd: 

~ 'Y^ j 2 sinh(/x) 2 sinh(^) 

+ 27 — ^ — + 



for n odd, and 



2 cosh(//) 2 cosh(//) 



+ 27 



2 sinh(/i) 2 sinh(/x) 

(X -|- gfc+/" g(fc+/i)n -j^ _ gfc-/i g(A;-/i)n 
2 cosh(/x) 2 cosh(/x) 
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for n even. From this result, the spectrum of this Hamiltonian is not equidistant and 
the spacing is given by 

2 \smn(/uj cosn(;uj / 

x(e2^sinh(2(n + -sinh(2n^)). (5.8) 

According to the above analysis, the spectrum of the Hamiltonian is defined for the 
parameter —1 < 27 if /i > and —1 < 27 < — coth(^) if ^ < 0. In the special case 
/i = 0, it is reduced to 

e„ = ^6^^+^=" {(n + 7)(1 + e-') + 7(-l)"(l " e'^) + l} . (5.9) 
If, additionally, /c = 0, 7 = 0, and 

{p = 0, or /3 = 0, or /3 (resp. p) — )• —00 for finite p (resp. /3)), 
then, we recover the spectrum of the ordinary one-dimensional harmonic oscillator: 

en = hw (^n+^ , (5.10) 

as expected. 

6 Concluding remarks 

In this work, we have defined a (p, q; a, /3, u; 7)— deformed oscillator algebra which is a 
straightforward generalization of known deformed algebras. In particular, the Burban 
multiparameter deformed algebra studied in [12] has been recovered. The deformation 
structure function and relevant useful formulas have been computed. Then, the corre- 
sponding irreducible representations have been classified. Finally, the spectrum of the 
deformed oscillator Hamiltonian has been investigated and discussed. 
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